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Abstract
We deal with the numerical approximation of a problem related to the management of sewage disposal and the design
of wastewater treatment systems. We use a characteristics 4nite element method for the discretization of the state system.
The main di6culty is due to the existence of Radon measures in the right-hand side of the system. We give convergence
results and we present numerical experiences for a realistic problem. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The adverse e>ect of industrial, agricultural and domestic contaminants released into the sea causes
marine pollution. In order to avoid the untoward environmental impact from these contaminants we
need to control the marine pollutants (nutrients, bacteria, organic chemicals, suspended solids, etc.).
For this purpose some parameters can be used, all of them indicating the quality level of liquid media
and its capacity to hold the aquatic life. Among these indicators we mention salinity, chlorophyll,
oxygen, temperature, pH, etc.
Since we are specially interested in the indicators of the general level of organic pollution we
have dealt with two representative water quality parameters: the dissolved oxygen (DO) and the
biological oxygen demand (BOD).
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We consider a domain , with boundary , occupied by shallow water (as can be a r9a or an
estuary) where polluting wastewater is dumped through NE outfalls, each one corresponding to a
respective disposal plant. We assume that inside the domain  there exists a number of zones (Ai ⊂
; i = 1; : : : ; NZ) of 4sheries, bathing or marine recreation where it is necessary to assure water
quality standards corresponding to pollution concentrations lower than an allowed threshold level
(taken from applicable regional legislation). So, in each protected area Ai; i=1; : : : ; NZ , a threshold
value 
i of BOD must not be exceeded and a minimum level of DO i must be guaranteed. To
assure this fact it is accurate to depure wastewater by chemical or biological treatment methods
before discharging it into the sea.
The cost of the depuration in the jth disposal plant, j = 1; : : : ; NE , can be assumed to depend
on the BOD, in such a way that a lower level of BOD leads to a more intensive depuration and,
consequently, to a higher cost. The problem is then formulated as determining the level of discharges
in order to minimize the global depuration cost and to guarantee the above-mentioned constraints on
the water quality in protected areas. Mathematically, this is a parabolic optimal control problem with
pointwise state constraints and with pointwise control, as was shown in previous works: Berm+udez
et al. [2] studied a related stationary problem with pointwise state constraints and considered a
control on the location. More recently, Mart+.nez et al. [7] have dealt with the dynamic problem with
pointwise control and pointwise state constraints, presenting both theoretical (cf. [9]) and numerical
results (cf. [8] for an interior point method).
The aim of this paper is to study the convergence of the numerical solution for the corresponding
discretized state system. In Section 2 we recall the mathematical model for the above described
physical problem and several theoretical results. In the next section, we discretize the problem by
a characteristics Galerkin method. Section 4 is devoted to the numerical convergence. Finally, in
Section 5 we present computational experiences for a realistic problem posed in the r9a of A Corun˜a
(Galicia, Spain).
2. The management problem
We begin this section by setting the mathematical formulation of our problem. In order to do
that, we suppose that the outfalls are located in the points Pj ∈; j = 1; : : : ; NE , and we denote
by mj(t); j = 1; : : : ; NE , the discharge of BOD in the point Pj at the time t. The evolution of the
BOD and the DO in the domain  ⊂ R2 is governed by the following partial di>erential equations
system (see, for instance, [1,6]). Thus, the BOD and DO concentrations in a point x∈ and a
time t ∈ (0; T ), denoted by 1(x; t) and 2(x; t), respectively, can be obtained as the solution of the
following boundary value problem:
@1
@t
+ u˜1 − 1M1 =−11 + 1h
NE∑
j=1
mj(x − Pj) in  × (0; T );
@1
@n
= 0 on  × (0; T );
1(x; 0) = 0 in ;
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@2
@t
+ u˜2 − 2M2 =−11 + 1h2(ds − 2) in  × (0; T );
@2
@n
= 0 on  × (0; T );
2(x; 0) = 20(x) in ; (1)
where h(x; t) and u˜(x; t) denote, respectively, the height and the mean horizontal velocity of the Nuid
layer, obtained as a solution of the Saint Venant equations (cf. [3]), (x − Pj) represents the Dirac
measure in the point Pj, and parameters 1¿ 0; 2¿ 0 (horizontal viscosity coe6cients involving
dispersion and turbulence e>ects), 1¿ 0; 2¿ 0 (kinetic coe6cients related to temperature and
tranference of oxygen through the surface) and ds (oxygen saturation density) can be known from
experimental measurements.
We assume the existence inside the domain  of NZ protected zones Ai where a maximum level
of BOD and a minimum level of DO must be assured, that is
1|Ai×(0;T )6 
i; i = 1; : : : ; NZ ; (2)
2|Ai×(0;T )¿ i; i = 1; : : : ; NZ : (3)
We also assume that the convex functions fj ∈C2(0;∞) are known, corresponding to the treatment
cost of the discharge in each point Pj; j = 1; : : : ; NE: Therefore, the global cost of the depuration
system in a time interval [0; T ] is given by
J (m) =
NE∑
j=1
∫ T
0
fj(mj(t)) dt: (4)
Thus, problem (P) of the optimal management of the depuration system consists of 4nding the
values of BOD mj(t)¿ 0; j = 1; : : : ; NE , throughout the time interval in such a way that, verifying
state system (1), satis4es constraints (2) and (3) and minimizes cost function (4). As was shown
in [9], problem (P) has, at least, a solution and a 4rst order optimality system can be obtained in
order to characterize it.
In order to study the state system we make the following assumptions on the problem data: let
 ⊂ R2 be a bounded domain with boundary  smooth enough and let
h∈C( O × [0; T ]); h(x; t)¿  ¿ 0; ∀(x; t)∈ O × [0; T ];
u˜∈ [L∞( × (0; T ))]2; 20 ∈C2( O); m= (mj)NEj=1 ∈Uad ;
where the set of admissible controls subject to technological constraints ( Omj is the highest discharge,
and mj the minimal depuration) is given by
Uad = {m∈ (L∞(0; T ))NE : 0¡mj6mj(t)6 Omj a:e: in (0; T ); j = 1; : : : ; NE}:
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We de4ne the weak solution of state system (1) by transposition techniques in the following way:
Let A be the operator de4ned by
〈A(w1; w2); (z1; z2)〉
=
∫

(
−1Mw1z1 − 2Mw2z2 + u˜∇w1z1 + u˜∇w2z2 + 1w1z1 + 1w1z2 + 1h2w2z2
)
dx
for (w1; w2); (z1; z2) such that the previous expression makes sense. Then:
Denition 1. Given r; s∈ [1; 2); 2=r + 2=s¿ 3, we say that  = (1; 2)∈ [Lr(0; T ;W 1; s())]2, is a
solution of system (1) if for all *=(*1; *2)∈ [L2(0; T ;H 2())∩H 1(0; T ;L2())]2∩ [C1( O× [0; T ]]2
such that *(: ; T ) = 0, it is veri4ed that
∫ T
0
∫

{
−@*1
@t
1 − @*2@t 2 + 1∇*1∇1 + 2∇*2∇2 + u˜*1∇1
+ u˜*2∇2 + 1*11 + 1*21 + 1h(x; t)2*22)
}
dx dt
=
NE∑
j=1
∫ T
0
1
h(Pj; t)
*1(Pj; t)mj(t) dt
+
∫ T
0
∫

1
h(x; t)
2ds*2(x; t) dx dt +
∫

*2(x; 0)20(x) dx: (5)
We need the following result, whose proof can be seen in [9]:
Theorem 1. There exists an unique pair
= (1; 2)∈ [Lr(0; T ;W 1; s())]2 ∩ [L2(0; T ;L2())]2
with
@
@t
=
(
@1
@t
;
@2
@t
)
∈ [Lr(0; T ; (W 1; s′())′)]2
for all r; s∈ [1; 2); 2=r + 2=s¿ 3; such that  is a solution of (1) and veri:es
∫ T
0
〈
−@*
@t
+A∗(*); 
〉
dt=
NE∑
j=1
∫ T
0
1
h(Pj; t)
*1(Pj; t)mj(t) dt
+
∫ T
0
∫

1
h(x; t)
2ds*2(x; t) dx dt +
∫

*2(x; 0)20(x) dx (6)
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for all *= (*1; *2)∈B; where
B=
{
*= (*1; *2)∈ [L2(0; T ;H 2()) ∩ H 1(0; T ;L2())]2 :
−@*
@t
+A∗(*)∈ [L2(0; T ;L2())]2; @*
@nA∗ |×(0; T )
= 0; *(: ; T ) = 0
}
:
There exist constants C1; C2; C3; only depending on data; such that
‖‖[L2(0; T ;L2())]26C1
NE∑
j=1
‖mj‖L∞(0; T )‖(x − Pj)‖M () + C2‖20‖C( O) + C3 ds: (7)
Moreover; functions 1 and 2 are continuous in OAi × [0; T ]; ∀i = 1; : : : ; NZ ; and there exist
constants Cˆ1; Cˆ2; Cˆ3 such that
‖‖[
C
(⋃NZ
i=1
OAi×[0;T ]
)]26 Cˆ1
NE∑
j=1
‖mj‖L∞(0; T ) + Cˆ2 ‖20‖C( O) + Cˆ3 ds:
3. Numerical approximation of the state system
The 4rst step in the numerical resolution of the optimal control problem (P) is solving the state
system (1). In order to obtain a numerical solution for (1) we discretize in time the partial di>erential
equations system, by upwinding the convective term with a method of characteristics. Once obtained
the semi-discretized problem, we consider its variational formulation and we approximate it by
means of a space discretization of Lagrange–Galerkin 4nite elements. The fully discretized problem
is 4nally solved, by using the velocity and height 4elds provided by the Saint-Venant shallow water
equations. We must take into account that approximated height h and horizontal mean velocity
u˜ for each discretized time are, respectively, discontinuous piecewise-constant (P0) functions and
piecewise-linear (P1) polynomials (cf. [3]).
The method of characteristics (see, for instance, [10] or [4]) stems from considering the following
equality:
Dy
Dt
(x; t) =
@y
@t
(x; t) + u˜:∇y;
where Dy=Dt denotes the total derivative of y with respect to t and u˜, that is
Dy
Dt
(x; t) =
@y
@/
(X (x; t; /); /)|/=t
with /→ X (x; t; /) the characteristic line, providing the position at time / of the particle that occupied
the position x at time t. Thus, the characteristic line is the unique solution of the following ordinary
di>erential equation:
dX
d/
(x; t; /) = u˜(X (x; t; /); /);
X (x; t; t) = x: (8)
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For the time interval [0; T ] we choose N ∈N, we consider the time step k = T=N and we de4ne
tn = nk; n= 0; 1; : : : ; N: If we denote
X n(x) = X (x; tn+1; tn);
then the total derivative of y at instant tn+1 can be approximated by
Dy
Dt
(x; tn+1)  y
n+1(x)− yn(X n(x))
k
:
This equality leads to the following semi-discretized problem: for each n=1; : : : ; N , we must 4nd
functions n1; 
n
2 satisfying
n+11 − n1 ◦ X n
k
− 1Mn+11 =−1n+11 +
1
h(: ; tn+1)
NE∑
j=1
mj(tn+1)(x − Pj);
@n+11
@˜n
= 0;
n+12 − n2 ◦ X n
k
− 2Mn+12 =−1n+11 + 2
1
h(: ; tn+1)
(ds − n+12 );
@n+12
@˜n
= 0;
with 01 = 0 and 
0
2 = 20:
(9)
Let /h be a triangulation of domain  (which can be assumed to be polygonal in our case) with
vertices {xj: j = 1; : : : ; NV}. To each element K ∈ /h we associate two parameters: 4(K) denotes the
diameter of the set K and 
(K) is the diameter of the largest ball contained in K: We also de4ne
h=max
K∈/h
4(K):
We make the following regularity hypothesis on the triangulation: there exist two positive constants
4∗ and 
∗ such that
4(K)

(K)
6 
∗ and
h
4(K)
6 4∗; ∀K ∈ /h:
For each n = 1; : : : ; N , we consider the variational formulation of the semi-discretized problem
(9). If we approximate the functional space where we search the solution by the following 4nite
elements space:
Vh = {vh ∈C0( O): vh|K ∈P1; ∀K ∈ /h};
then problem (9) is changed into 4nding n1h; 
n
2h ∈Vh such that, for all zh ∈Vh, the following system
(whose equations are clearly uncoupled) be veri4ed:∫

n+11h − n1h ◦ X nh
k
zh dx + 1
∫

∇n+11h ∇zh dx + 1
∫

n+11h zh dx
=
∫

1
h(x; tn+1)
NE∑
j=1
mj(tn+1)(x − Pj)zh dx;
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∫

n+12h − n2h ◦ X nh
k
zh dx + 2
∫

∇n+12h ∇zh dx
=− 1
∫

n+11h zh dx + 2
∫

1
h(x; tn+1)
(ds − n+12h )zh dx;
with 01h = 0 and 
0
2h the projection of 20 over Vh: (10)
4. Convergence analysis
The main di6culty in order to study the numerical convergence of our fully discretized problem
(10) arises from the Dirac measure in the right-hand side of the system, which keeps us from applying
the usual estimates. With the purpose of avoiding this trouble we introduce an approximated problem.
We approximate each measure (x − Pj)∈M () by a smooth enough function jh ∈L2() satis-
fying the following properties:
1. jh is null outside the triangle Kj in which Pj lies.
2.
∫
 jh(x)vh(x) dx = vh(Pj); ∀vh ∈Vh.
3. ‖jh − (x − Pj)‖M () = O(h).
(The construction of such approximation can be seen in [13].)
We de4ne ˜= (˜1; ˜2) (depending on discretization parameter h) as the solution of the following
approximated problem:
@˜1
@t
+ u˜∇˜1 − 1M˜1 =−1˜1 +
1
h
NE∑
j=1
mjjh in  × (0; T );
@˜1
@n
= 0 on  × (0; T );
˜1(x; 0) = 0 in ;
@˜2
@t
+ u˜∇˜2 − 2M˜2 =−1˜1 +
1
h
2(ds − ˜2) in  × (0; T );
@˜2
@n
= 0 on  × (0; T );
˜2(x; 0) = 20(x) in :
(11)
The numerical solution of the approximated problem (11) obtained by the characteristics Galerkin
method is the same solution nh of problem (10), since we are dealing with a piecewise-constant
approximation of height h(x; t). Moreover, due to the fact that nh is the numerical solution of
(11), that X nh is an approximation of X
n computed by using the backward Euler scheme and that
the right-hand side of the approximated system is now regular, we can obtain the following error
estimate for the method of characteristics (see [11]):
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Lemma 1. For each n= 0; 1; : : : ; N − 1:
‖nh − ˜(tn)‖L2() = O
(
h+ k +
h2
k
)
: (12)
In order to assert the main theorem we also need to prove the following technical result:
Lemma 2. There exists a constant C˜ such that
‖˜− ‖
C(
⋃NZ
i=1
OAi×[0;T ])6 C˜
NE∑
j=1
‖mj‖L∞(0; T ) ‖jh − (x − Pj)‖M (): (13)
Proof. From (1) and (11) we obtain that 7= ˜−  is the solution of
@71
@t
+ u˜∇71 − 1M71 =−171 + 1h
NE∑
j=1
mj[jh − (x − Pj)] in  × (0; T );
@71
@n
= 0 on  × (0; T );
71(x; 0) = 0 in ;
@72
@t
+ u˜∇72 − 2M72 =−171 − 1h272 in  × (0; T );
@72
@n
= 0 on  × (0; T );
72(x; 0) = 0 in :
Let E ⊂  be a closed subset such that Pj ∈E; ∀j = 1; : : : ; NE , and
⋃NZ
i=1
OAi ⊂  \ E. Then, as a
consequence of the continuity of 7 (Theorem 1) and the estimates for max|7(x; t)| in (\E)× [0; T ]
(see [5]), we have
‖7‖
[C(
⋃NZ
i=1
OAi×[0;T ])]2 = ‖7ˆ‖[C(⋃NZi=1 OAi×[0;T ])]2
6 C˜1 ‖7ˆ‖[L2(0; Tˆ ;L2(\E))]26 C˜1 ‖7ˆ‖[L2(0; Tˆ ;L2())]2 ; (14)
where 7ˆ is the solution of the following boundary value problem:
@7ˆ1
@t
+ u˜∇7ˆ1 − 1M7ˆ1 =−17ˆ1 +
1
h
8[0; T ]
NE∑
j=1
mj[jh − (x − Pj)] in  × (0; Tˆ );
@7ˆ1
@n
= 0 on  × (0; Tˆ );
7ˆ1(x; 0) = 0 in ;
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Fig. 1. Tidal current in the r9a of A Corun˜a.
@7ˆ2
@t
+ u˜∇7ˆ2 − 2M7ˆ2 =−17ˆ1 −
1
h
27ˆ2 in  × (0; Tˆ );
@7ˆ2
@n
= 0 on  × (0; Tˆ );
7ˆ2(x; 0) = 0 in 
for Tˆ ¿T and 8[0; T ] the characteristic function of [0; T ].
Applying estimate (7) of Theorem 1 to 7ˆ we have
‖7ˆ‖[L2(0; Tˆ ;L2())]26 C˜2
NE∑
j=1
‖8[0; T ]mj‖L∞(0; Tˆ )‖jh − (x − Pj)‖M ()
= C˜2
NE∑
j=1
‖mj‖L∞(0; T )‖jh − (x − Pj)‖M (): (15)
Finally, as a trivial consequence of (14) and (15), we deduce (13).
Now, as a consequence of previous lemmas, we can obtain the following result:
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Fig. 2. BOD concentration at low tide.
Lemma 3. For each n=0; 1; : : : ; N −1; the approximate solution nh converges to (tn); in the sense
of L2; inside the set of protected areas
⋃NZ
i=1 Ai.
Proof. We consider the following equality:
nh − (tn) = [nh − ˜(tn)] + [˜(tn)− (tn)]: (16)
By Lemma 1 (see also [12] and the references therein) we have
‖nh − ˜(tn)‖L2(⋃NZi=1 Ai
)6 ‖nh − ˜(tn)‖L2() = O
(
h+ k +
h2
k
)
: (17)
On the other hand, from Lemma 2 and construction of jh we have
‖˜− ‖
C
(⋃NZ
i=1
OAi×[0;T ]
)6 Cˆ
NE∑
j=1
‖mj‖L∞(0; T ) ‖jh − (x − Pj)‖M () = O(h):
So
‖˜(tn)− (tn)‖L2(⋃NZi=1 Ai
) = O(h): (18)
Finally, as a direct consequence of (16)–(18) we obtain the desired convergence of nh to
(tn).
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Fig. 3. OD concentration at low tide.
If we de4ne the discretized solution:
h;k(x; t) =
N−1∑
n=0
8(tn;tn+1](t)
n
h(x);
we can obtain the following pointwise convergence result for the protected areas:
Theorem 2. The discretized solution h;k(x; t) converges to the exact solution (x; t) for all (x; t)
∈⋃NZi=1 Ai × (0; T ).
Proof. Given (x; t)∈⋃NZi=1 Ai × (0; T ) there exists n∈{0; 1; : : : ; N − 1} such that t ∈ (tn; tn+1]. Thus,
h;k(x; t) = nh(x).
We set n(x) = (1=k)
∫ tn+1
tn
(x; t) dt, for n= 0; 1; : : : ; N − 1. Then we have
h;k(x; t)− (x; t) = nh(x)− (x; t)
= [nh(x)− (x; tn)] + [(x; tn)− n(x)]− [(x; t)− n(x)]: (19)
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Since  is regular in
⋃NZ
i=1
OAi× [0; T ], the following inequality holds for all n=0; 1; : : : ; N − 1 and
for all t ∈ [tn; tn+1]:
‖(: ; t)− n(:)‖
L2
(⋃NZ
i=1 Ai
)6
√
k
∥∥∥∥@@t
∥∥∥∥
L2
(⋃NZ
i=1 Ai×(tn;tn+1)
) : (20)
On the other hand, by Lemma 3 we have the convergence of nh to (tn) in L
2(
⋃NZ
i=1 Ai). This fact,
combined with (19) and (20), allows us to deduce the convergence of h;k to  in L∞(0; T ;L2(
⋃NZ
i=1 Ai)).
Thus, we obtain pointwise convergence for almost every (x; t)∈⋃NZi=1 Ai × (0; T ). Finally, due to the
continuity of  we obtain desired convergence for all (x; t)∈⋃NZi=1 Ai × (0; T ).
5. Numerical results
In this 4nal section we present the numerical results obtained when solving the problem (1) on a
realistic situation: we have taken a two-dimensional mesh of the r9a of A Corun˜a (Galicia, Spain)
as domain  and we have chosen as time step k = 180 s. Then, we determine the BOD and DO
concentrations for a complete tidal cycle: T = 12:4 h.
We consider that the initial DO is homogeneous and close to saturation level (2(x; 0) = 0:9 ds)
and we assume the existence of one submarine outfall discharging a constant BOD amount (m(t) =
150 kg=m3.). The remaining experimental data are 1 = 2 = 2000 m2=s; 1 = 1:15 · 10−5 s−1; 2 =
9:0 · 10−12 s−1 and ds = 8:98 · 10−3 kg=m3.
Although multiple tests have been developed for di>erent wind conditions (direction and velocity),
we present here only the numerical results obtained for a wind with NW direction and velocity
22 m=s. (We must remark the inNuential role played by the tidal run and the wind conditions in the
resolution of the shallow water model.)
Fig. 1 shows tidal current at low tide in the r9a of A Corun˜a for a tidal run of 2:8 m, obtained by
solving the Saint-Venant shallow water equations. Figs. 2 and 3 show, respectively, the corresponding
BOD and DO concentrations at the same instant.
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